QUANTUM GRAVITY FROM METRIC DIMENSIONAL REDUCTION 

AT SINGULARITIES 
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Abstract. A series of old and recent theoretical observations suggests that the quanti- 
zation of gravity would be feasible, and some problems of Quantum Field Theory would 
go away if, somehow, the spacetime would undergo a dimensional reduction at high en- 
ergy scales. But an identification of the cause of this dimensional reduction would still be 
desirable. 

A possible explanation of the dimensional reduction is suggested by recent results in 
understanding the geometry of singularities in General Relativity. These new methods don't 
require modification of General Relativity, being just extensions of its mathematics to the 
limit cases. They turn out to work fine for some known types of cosmological singularities 
(black holes and FLRW Big-Bang), allowing a choice of the fundamental geometric invariants 
and physical quantities which remain regular. The resulting equations are equivalent to the 
standard ones outside the singularities. 

One consequence of this mathematical approach to the singularities in General Relativity 
is a special, (geo)metric type of dimensional reduction: at singularities, the metric tensor 
becomes degenerate in certain spacetime directions, and some properties of the fields become 
independent of those directions. Effectively, it is like one or more dimensions of spacetime 
just vanish at singularities. Therefore, it seems that the geometry of singularities leads 
naturally to the spontaneous dimensional reduction needed by Quantum Gravity. 
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Introduction 



Quantum Field Theory (QFT) and General Relativity (GR) are the most successful theo- 
ries in fundamental theoretical physics. Their predictions were confirmed with very high 
precision, and they seem to offer accurate and complementary descriptions of the physical 
reality. 

Yet, each one of them has some problems, especially when one tries to combine them. 
GR has the problems of infinities which appear at the singularities. QFT also has problems 
with infinities, which appear in the perturbative expansion, and are usually approached by 
renormalization techniques. Fortunately, the renormalization group formalized and solved 
many of the problems of QFT [l}|6] . The Standard Model of particle physics is proven to be 
renormalizable |7]-[9), although the solution depends crucially on the existence of the Higgs 
boson. 

But arguably the greatest difficulties appear when one tries to quantize gravity. General 



Relativity without matter fields is perturbatively non-renormalizable at two loops 10,111. It 
requires an infinite number of higher derivative counterterms with their coupling constants. 
The main reason is the dimension of Newton's constant, which is [Qn] — 2 — D = —2 in 
mass units. 

In the quest of understanding the small scale, ultraviolet (UV) limit in QFT, and espe- 
cially in the approaches to Quantum Gravity (QG), is accumulated evidence which seems to 
point in one particular direction. This evidence suggests, or even requires, that there is a 
dimensional reduction to two dimensions in the UV limit. 

While many distinct approaches agree that somehow a dimensional reduction will solve 
the main problems of the interface between QFT and GR, what seems to be missing is the 
explicit cause leading to this spontaneous reduction. 

As we will see in this paper, the dimensional reduction is ensured by the spacetime geom- 
etry at singularities in a very concrete way. 

Usually, the apparent incompatibility between QFT and GR which manifests as non- 
renormalizability is considered to be the fault of the latter, hence usually the unification 
proposals start by modifying GR. Various approaches to QG are viewed as a hope which 
will cure not only the non-renormalizability, but also the problem of singularities, with the 
price of giving up one or more fundamental principles of GR. 

Here we will take the opposite position: the solution to the problem of singularities comes 
from GR, and it also leads to the desired two-dimensionality in the UV limit, which is needed 
by quantum gravity. 

The following can be considered a definition of Quantum Gravity (cf. 't Hooft |12|): 

Quantum Gravity is usually thought of as a theory, under construction, where 
the postulates of quantum mechanics are to be reconciled with those of general 
relativity, without allowing for any compromise in either of the two. 

Here we will try to see how far we can go in reconciliating QFT and GR without making 
any compromises. 

In this paper, we aim to show that the solution to the problems of singularities in GR, de- 
veloped in 13 22 and reviewed briefly in §[2j has implications to Quantum Gravity. Various 
approaches to QG suggest that if the spacetime becomes 2-dimensional at small scales, the 
quantization of gravity will become possible. Some of these hints will be reviewed in section 
£[T] While dimensional reduction appears to be a desirable ingredient for QG, it would be 
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useful to have an explanation of the reason which lead to the dimensional reduction, and 
a geometric interpretation of its meaning. In section £j3j we will explain how the benign 
singularities cause the number of dimensions to be reduced, because of the way the metric 
becomes degenerate. Then we will try to connect the properties of the dimensional reduction 
caused by singularities, to those required by some of the approaches to QG. 



1. Hints of dimensional reduction coming from other 

approaches 

The method of regularization through dimensional reduction appeared from the observations 
that the loop integrations depend on the dimension in a continuous way, so that we can 



replace the dimension 4 by 4 — e, avoiding the poles, and at the end make e — » [7||8 23 
The original method of dimensional regularization is rather formal, and apparently without 
implications to the actual physical dimensions. On the other hand, the fact that Quantum 
Gravity works fine in two dimensions justifies the consideration of the possibility that at 
small scales the number of dimensions is indeed reduced. In the following we review some 
"signs" that the spacetime is actually required to become two-dimensional in the small scale 
limit, while maintaining four dimensions at large scales. 



1.1. Dimensional reduction in Quantum Field Theory 

Suggestions that the two-dimensionality plays an important role appeared in various contexts 
of QFT. Since the first exactly solvable QFT model was discovered [24], the two-dimensional 
QFT proved to lead in a non-perturbative and direct manner to interesting results which can 



be applied then to make conjectures and find results for four-dimensions (see 25 and 26 
and references therein). 



1.1.1. Two-dimensional QCD 



The two-dimensional theories are not necessarily just toy models. There are strong sug- 
gestions that the scattering amplitudes in QCD can be obtained from a two-dimensional 
field theory 27-29 , and models in which "this two-dimensional nature of the interactions is 



manifest" appeared in the context of high energy Regge regime 30 31 



1.1.2. Fractal universe and measure dimensional reduction 

The fractal universe program developed by G. Calcagni originated from the idea of keeping 
from the Hof ava-Lifschitz gravity the feature that it leads to a two-dimensional phase in the 
TJV regime, but in the same time aims to remain Lorentz invariant. For this, it maintains an 
isotropic scaling, but to compensate it replaces the standard measure used in the action with 
a measure (initially a Lebesgue-Stieltjes measure) which reduces the Hausdorff dimension to 
two at the ultraviolet fixed point. The action becomes fractional, and the resulting theory 
is dissipative, hence non-unitary, although the energy turns out to be conserved. 
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The action is taken to be of the form 



(1) S= [ dg(x) £(<)), d^c 

Jm 

with a measure 

(2) dg(x) = v dx D 



Initially it was explored the theory with weight of the form v := Yl^!=o f{^)( x )- Taking all 
functions f/^ = f leads to an isotropic measure, but one can make also anisotropic choices. 
As an example, the scalar field is described by the Lagrangian density 

(3) C = ~ l -d,ct>d^-V{<P) 

where / is taken to have the dimension [/] = 1 — a, so that [v] = D(l — a). 
The scaling dimension of the scalar field <fi is 

(4) M = ^ 

.ri™^ if «nd only if «=*,««= = 4. 

D 2 
If the potential is polynomial in 



(5) V = H 



N 
n=0 

the resulting engineering dimension is 

(6) [a N ] = Da 

and to require the theory to be power-counting renormalizable, one imposes that N is re- 
stricted by the condition [ctjv] > 0. For a = — , iV is unconstrained, while for D = 4 and 
a = 1, one can choose N = 4. The idea is to construct a D = 4 theory so that in the infrared 
limit am = 1 and N = 4, and in the ultraviolet limit, a>uv — 7^ 

Similar principles lead to a modified action for General Relativity, from which a modified 
version of Einstein's equation is derived. 



The theory introduced in 32 34 was further refined and put on more rigorous mathemat- 
ical basis in [35}]4T] . 

Mathematically, the fractal universe theory relied initially on the Lebesgue-Stieltjes mea- 
sure (subsequently replaced by fractional measures [36]), fractional calculus, and fractional 
action principles [42]- 44 



In section § |3.7| we will see that a measure of the form ([2]), having the desired properties, 
emerges naturally from our theory of singularities. 



1.1.3. Topological dimensional reduction 



The spacetime is considered, in general, to be a D- dimensional topological manifold - that is, 
its topology is locally like that of M D , and usually D = 4. What would be the implications 
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of a topological dimensional reduction, that is, if D would have, at some regions, a lower 
topological dimension? 

In 1 45] , D.V. Shirkov studied a gtp A QFT model described by a self-interacting Lagrangian 
L = T — V , where 



m 2 o 4ir d / 2 M 4+d 



(7) V(m, v?) = + g 9d<P 4 , 9>® 

This theory was initially motivated by the possible non-existence of a Higgs boson of 140±25, 
and aimed to explore the Ginzburg-Landau-Higgs alternative of a constant classical Higgs 
field at ~ 250 GeV. But the absence of a Higgs quantum field makes the weak force again 
non-renormalizable. To obtain the regularization, D.V. Shirkov worked in a spacetime with 
variable topology, having a number of dimensions which varies from D = 4 in the IR limit, to 
D = l + d<4m the UV limit. The coupling constant was assumed to run from dimension 
D = 4 in the IR regime, to D = 2 in the UV regime. 

One fundamental principle used was the DR Agreement, stipulating an equivalence between 

the reduction at spacetime scale x dr ~ ~r^~ an< ^ ^ ne reduction at the energy-momentum scale 

p dr ~ M dr . 

The idea is illustrated by the approximation with a manifold obtained by joining two 
cylinders Sr^ and S r j, of radii R > r and lengths L,l, with a transition region S co u of 
varying radius. Then, one can think at various problems taking place on the obtained 
manifold, for example solve some equations, and then take the limit r — > 0. 

The replacement of the volume element in the momentum space 

(8) d 4 fc -> d M k = 

1 + M 2 

yields a one-loop Feynman integral which has as the IR asymptote the function 

Q 2 

(9) ln^, 

and as the UV asymptote the function 

, N , 4M 2 M 2 q 2 

10 In— + — \n^-. 

This results in a reversal of the running coupling evolution in the two-dimensional region, 
and the value of the coupling constant gains a finite minimum value ^2(00) < g~2(M d l r ), where 
Mdr is the reduction scale. The coupling constant decreases in the IR limit as expected, but 
it has a maximum at q = M^ r , and in the UV limit decreases again, to the minimum 92(00). 

An interesting possibility which occurs is a novel type of Grand Unified Theory scenario, 
where the coupling constants of the Standard Model forces converge without needing an 
577(5) or other leptoquark symmetry [j] As stated in the concluding section of 45 : 



The notable observation is that the change of geometry could yield the same 
final result as an explicit change of dynamics (by adding leptoquark fields 
etc.). 



1 For introductions to various GUT scenarios see 46 47 
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Of course, in this case the unification scale seems to require a bit higher energies than 
the GUT unification scale, taking place in the two-dimensional region, which is difficult to 
probe: 

Among further quests that are in order, let us put in the first place the issue of 
examining the chance of detecting some physical signal "through the looking- 
glass at scale M" that would provide us with direct evidence on the existence 
of dimension reduction of any kind. 

The idea of topological dimensional reduction is further explored by P. Fiziev and D. V. 



Shirkov in 48 51 , where it is applied to Klein-Gordon equation. In [48], the Klein-Gordon 
equation is studied on a spacetime which is the direct product between a 2-dimensional 
surface of revolution with variable radius and topology, and the 1-dimensional manifold 
(R 1 , — dt 2 ) representing the time dimension. The dimensional reduction takes place between 
1 + 2 and 1 + 1 dimensions, by reducing the radius of revolution to 0. 

By the method of separation of variables, the KG equation is reduced to three ordinary dif- 
ferential equations, from which two are simple wave equations. The third one is more difficult, 
but it can be put by a change of variables in the form of a one-dimensional Schrodinger-like 
equation, with the potential V defined by the geometry. The obtained solution forbids the 
propagation of signals related to the physical degrees of freedom related exclusively to the 
higher dimension, into the lower dimension region. 

The resulting spectra depend on the mass from the KG equation and on the shape of the 
transition between the two regions of constant radii, and correspond to possible particles 



and their antiparticles. This suggests the idea that 48 

The specific spectrum of scalar excitations resembles the spectrum of the real 
particles; it reflects the geometry of the transition region and represents its 
"fingerprints" 

The possibility of deducing the geometry of the transition region by the "fingerprints" from 
the corresponding spectrum suggests an answer to the question about possible experimental 



"evidence on the existence of dimension reduction of any kind" , asked in the first paper 45 



Some of these results were further generalized to higher dimension and multiple variable 



radii of compactification 49 . The manifold under consideration is a hypersurface in a semi- 
Euclidean 2<i-dimensional space R^-i ( see 52 for the notation), described by 



(11) 



x° = t, x 2k 1 = p k (z) cos(> fc ), 

x 2 ^ 1 = z, x 2k = p k {z) sin(0 fc ), ... 

where t G R, x G R, 4>k G [0, 27r], Pk(z) are the shape functions (or the radii of compactifi- 
cation), and fc G {1, 2, . . . ,d — 1}. This hypersurface is a Lorentzian manifold of dimension 
1 + d. The solution turned out also in this general case to be reducible to one-dimensional 
Schrodinger-like equations, and to be regular even for pk = 0. 

The next step was to generalize the (1 + 2)-dimensional solution to the non-static case of 
axial universes, by allowing the shape function to depend also on time, p = p(t, z) > [50). A 
(l+2)-axial universe is a semi-Riemannian manifold which is a hypersurface of the Minkowski 
spacetime Rf, defined by 

x° = t, x 1 = p{t, z) cos(</>), 
x 3 = z, x 2 = pit, z) sin(</>) 

where t G R, x G R, and <f) G [0, 2tt]. 



(12) 
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The Einstein Equation translated into three equations connecting p and its partial deriva- 
tives with the energy-momentum tensor. Various energy-momentum tensors were considered 
in the Einstein Equation in 1 + 2 dimensions: 

(1) in vacuum, where p(t,z) was obtained to be linear in the variables t, z, respectively 
both of them, 

(2) with positive cosmological constant A, resulting in a static spherical universe, 

(3) in the presence of standard "dust" , resulting in a homogeneous Monge- Ampere equa- 
tion for p. 

The solutions turned out to be integrable. The obtained dimension reduction points admit 
a classification, and there are hopes that they will provide new insights into the nature of 



the violations of the C, P, and T symmetries 48 : 

The parity violation due to the asymmetric character of the construction of 
our models could be related to violation of the CP symmetry. 

Then, the Klein-Gordon equation was solved on the resulting spacetimes. 



Section £3.2 establishes a strong connection between these results in topological dimen- 



sional reduction and our approach. 



1.1.4. Vanishing Dimensions 



One problem concerning the UV divergences in the Standard Model is the need to fine-tune 
the mass of the Higgs boson to an accuracy of 10~ 32 , to prevent the destabilization of the 



electroweak symmetry breaking scale 53 . Since fixing the cutoff at the electroweak scale 
makes the SM work well, it is believed that this is an indication of new physics beyond this 
scale. In [53] it is explored the alternative of keeping unmodified the structure of the SM, and 
reduce the dimension. One central point is that reducing the number of space dimensions 
to d — 2 makes the Higgs terms linearly divergent, and d = 1 makes them logarithmically 
divergent, making unnecessary the fine-tuning of the Higgs mass. 

1.2. Dimensional reduction in Quantum Gravity 

A review of the hints that, in various approaches to QG, a dimensional reduction occurs at 



small scales, is done by Carlip 54 55 . Many of these hints involve the spectral dimension. 



The spectral dimension was calculated for causal dynamical triangulations (CDT) in 56 
as evidence showing that the four-dimensional spacetime is recovered at larger scale. This 
resulted in a trend that various approaches to Quantum Gravity adhered to, consisting in 



calculating the spectral dimension in the UV limit to see if it is 2 55 57 59 . As it is known 



(see e.g. 41,50,60,61]), while there is a correlation between the spectral dimension and 
the spacetime dimension, they are not equivalent. While the spectral dimension depends of 
the spacetime geometry too, it is very different. It represents the effective dimension of the 
diffusion process, being related to the dispersion relation of the corresponding differential 
operator. Spectral dimension is a widely used indicator in quantum geometry, and even if it 
is not equivalent with topological dimension, the latter bounds it. 

As pointed out in [62], in dimension lower than four the Weyl curvature vanishes, and 
the vacuum Einstein equation has only locally flat solutions, or of constant curvature if the 
cosmological constant is not 0. This leads to the absence of local degrees of freedom, i.e. of 



cS 
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gravitational waves for the Classical Gravity, and of gravitons for QG. Our own approach 
leads in a surprising way to this kind of dimensional reduction and vanishing of the Weyl 



curvature £3.3 



1.2.1. The renormalization group: asymptotic safety 

General Relativity appears to be non-renormalizable, but the renormalization group analysis 
may give us useful hints. One possibility is that the infinite number of coupling constants 
become "unified" when approaching the UV fixed point. In [63] S. Weinberg proposed, as 
solution to the non-renormalizability of Quantum Gravity, the idea of asymptotic safety. The 
number of coupling constants needed by an asymptotically safe Quantum Gravity theory in 
four-dimensional spacetime is infinite, but their values are required to remain finite and 
to converge, under the renormalization group flow, to an ultraviolet fixed point. Also, 
the ultraviolet critical surface of the renormalization group flow is required to be finite- 
dimensional. In order to make the 3+1-dimensional gravity asymptotically safe, the Einstein- 

Hilbert Lagrangian density C = t;Rv~ det g has to be supplemented with higher-order 

curvature terms, for example by modifying it to C = f(R)\/— det g. As stated in [63], "there 
is an asymptotically safe theory of pure gravity in 2 + e dimensions, with a one-dimensional 
critical surface", and "[a]symptotic safety is also preserved when we add matter fields", 
provided we add certain compensatory fields. 



Some evidence accumulated in favor of asymptotic safety 64 69 , especially near two 



dimensions 70,71 . The spectral dimension near the fixed point appears to be d$ = 2 [57]. 
In 66 is showed that the existence of a non-Gaussian fixed point for the dimensionless 
coupling constant g^ = GN^ d ~ 2 requires two-dimensionality. 



1.2.2. Causal dynamical triangulations 



In the causal dynamical triangulations approach 56 72 75 



spacetime is approximated by 
The spacelike edges 
The causality 



76 



flat four-simplicial manifolds, similar to quantum Regge calculus 
are taken to be of equal length, and the timelike edges of equal duration, 
is enforced by requiring a fixed time-slicing at discrete times, and that the time-like edges 
agree in direction. The path integrals can be calculated non-perturbatively, resulting in 
four-dimensional spacetimes. The spectral dimension, which is the dimension as seen by a 



diffusion process, turns out to be four at large distances, but two at short distances 56 



1.2.3. Hofava-Lifschitz gravity 

Inspired by the quantum critical phenomena in condensed matter systems, Horava proposed 



in 2009 a model of Quantum Gravity 77 . The starting assumption is that the space and 



time behave differently at scaling - there is an anisotropic scaling invariance: 



(13) 



x i — y 6x, 
t \-> b z t. 



To describe an UV fixed point, the critical exponent turns out to be z = D — 1 = 3, 
although it is argued that z = 4 would be even better. This anisotropy is not required to 



QUANTUM GRAVITY FROM METRIC DIMENSIONAL REDUCTION AT SINGULARITIES 9 

be a symmetry of the action itself, but of the solutions. The theory describes in the UV 
limit interacting non-relativistic gravitons, and is power-counting renormalizable in 1 + 3 
dimensions. 

Lorentz invariance is absent in the UV limit, but it is conjectured that it emerges at large 
distances, where it is hoped that z — Y 1. The resulting field equations are second-order 
in time, to avoid ghosts. In the same time they are of high order in space, canceling the 
divergences of the loop integrals. The spectral dimension turns out to be again two, for high 



energies, and four for low energies 58 



The anisotropy breaks the diffeomorphism invariance, and picks out a distinct time di- 
rection. This can be expressed in a space+time foliation J 7 , as in the ADM formalism [78] . 
The group of diffeomorphisms Diff(M) reduces to that of diffeomorphisms which preserve 
the leaves in the foliation, DifiV(M). 

If the lapse function N depends on the time only, it is called projectable, otherwise it is 
called non-projectable. Theories with projectable N were the first to be studied, but now 
the hope moved toward the non-projectable ones. 

The action splits naturally into a kinetic term Sk and a potential term <Sy: 

(14) S = S K - S v . 

The kinetic term Sk of the action is defined as the most general invariant term built from 
at most two time derivatives of the metric. In terms of the extrinsic curvature 

(15) K tj := ^ {g l3 - V^- - V^) 
it has the form 

(16) SK = iJ ( A "' A 'v - HK S s) 2 ) y / det^Vdtd 3 x 
where 
(17) 



2 



k 2 IQtiQn 
The dimension of the volume element is 

(18) [dtd d x] = -d-z 
and each time derivative increases the dimension by 

(19) [dt] = z 
therefore, the scaling dimension of k is 

(20) M = 

so k is dimensionless when z = d. 

The potential term Sy includes terms up to six spatial derivatives of the metric. 
The standard ADM action is 

(21) S EH = tttV / ( KijR v ~ (^s) 2 + 3R ~ 2A ) V^JgNdtd'x 

with the kinetic term A = 1, which was hoped to emerge at large scale. 

Some possible inconsistencies, internal and with the observations, in particular concerning 



the strong coupling and violations of unitarity, are discussed in 79 -88 . Many of these 



objections arise from the difficulty to prove that GR is recovered in the IR limit. 
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A connection between our approach and Hofava-Lifschitz gravity is explored in section 



3.6 



1.2.4. Hints from other approaches 



As pointed out in 54 , 55 



89 



there are hints from high temperature string theory 
thermodynamic behavior becomes two-dimensional at high temperatures 
argued that in Loop Quantum Gravity the effective spectral dimension varies from four at 



that the 
Also, Modesto 



large scales, to two at small scales 59 90 91 . Other results concern the spectral dimension 



in quantum spacetime based on noncommutative geometry 92 , 93 and un-gravity 94 



2. Singularities in General Relativity 

The other problem which seems to plague General Relativity is that of singularities. Under 
general conditions, the evolution equations in GR lead to singularities 95 100 . It seems 
that they are unavoidable. The options seem to be: 

(1) give up GR, or at least modify it, and 

(2) explore the singularities and try to find alternative but equivalent descriptions, which 
don't have problems with the infinities. 

Since the first approach has been widely explored in the literature, we focused our research 
on the second one. 



2.1. Benign singularities 

Our initial intention was to make just a small step - to construct examples of singularities 
which can be worked out. We call these benign singularities. The main property they have 
is that the metric tensor g ab is smooth, the singular features occurring because det g — at 
the singular points. This allows the construction of the Christoffel symbols of the first kind 

1 

(22) T abc := - (d a g bc + d b g ca - d c g ab ) . 

But detg = forbids the construction of the Christoffel symbols of the second kind T c ab : = 
g cs T abs , which involves the reciprocal metric g ab := (g~ 1 ) ab . Consequently, the curvature has 
to be defined in terms of the Christoffel symbols of the first kind, and not of the second, as 
it is normal: 

(23) Rabcd = d a T bcd — d b T acd + T aCt T bdt — T bCm T adt . 

The symbol . denote the contraction between covariant indices, and we adopted it because 
our contraction is more general than the usual one and the index notation would not be quite 
correct. Normally the contraction between covariant indices also requires the reciprocal 
metric g ab , which becomes singular for det g = 0. Luckily, the covariant contraction can be 
defined in a canonical and invariant way even in the case det g = 0, provided that the tensor 



to be contracted satisfies certain conditions 13 



To see how, let's consider for starter two covectors oj,t £ T*M, where M is a semi- 
Riemannian manifold and p £ M. The contraction of the tensor u £g> r is given by g st u s T t . 
This is defined by the metric g ab , if detg ^ 0. If detg = 0, we can do this only if there 



QUANTUM GRAVITY FROM METRIC DIMENSIONAL REDUCTION AT SINGULARITIES 11 

are two vectors u, v G T p M so that u a = g as u s and r a = g as v s . In this case, we define the 
contraction by 

(24) lu.t. := gstu'vK 

We denote by T p M the subspace of T*M consisting of covectors (or 1-forms) of the form 
u a = (u b ) a := g as u s . We can extend this recipe to more general tensors from T r s {T p M), 
provided that the components which we contract are from T p M. Note that we cannot use 
it to raise indices, since w b = (u + w)'° for any vector w so that w = 0. They form the kernel 
ker b, which is zero if and only if det g = 0. 



From the above considerations we conclude that, to define the curvature as in (23), T a b c 
has to satisfy, at each point p G M, the condition T a b s w s = for any vector w s G T p M which 
satisfies g s tiv s v t = for any vector v G T P M. Metrics satisfying this condition are named 
radical- stationary, and were studied by Kupeli for the case when the signature of the metric 



is constant 101, 102 , and by the author for the general case 13, 14 



More details are given, in a manifestly invariant formulation, in 13 , where we introduced 



also covariant derivatives for differential forms, and we defined the Riemann curvature tensor 



(23). The Riemann curvature tensor R a bcd can be defined in an invariant and canonical way, 
unlike R a bcd- Also, a simple condition ensured the smoothness of R a b c d, and such metrics and 
their singularities are named semi-regular. From the smoothness of R a bcd can be deduced in 
four dimensions the smoothness of R a b det g and Rdetg, and implicitly of 

(25) G ab det g := R ab det g - -g a bR det g. 
This allows us to write a densitized version of Einstein's equation 

(26) G ab det g + Ag ab det g = K,T ab det g, 

where k := . This equation is equivalent to Einstein's equation outside the singularities, 

c 4 

but remains smooth at the singularities. The smoothness condition may be too strong 
sometimes, but what is important is that the metric is radical-stationary. 

A condition stronger than semi-regularity is that of quasi-regularity, which allows a smooth 
Ricci decomposition of the Riemann tensor, and leads to another extension of Einstein's 



equation - the expanded Einstein equation, which is tensorial [20,21 

(27) (G o g)abcd + A{g o g) abc d = k{T o g) abc d 
where the operation 

(28) (h o k)abcd '■= h ac kbd — h a dkb c + h b dk ac — hb c k a d 

is the Kulkarni-Nomizu product of two symmetric bilinear forms h and k. 

Big-Bang singularities of this type satisfy Penrose's Weyl curvature hypothesis |103 104 
automatically [22] . 



A simple but central result in singular semi-Riemannian geometry is the generalization, 
given in (ll), of warped products |52|. The warped products allow the construction of a 
large class of semi-regular and quasi-regular singularities. As a corollary, a warped product 
of (non-degenerate) semi-Riemannian manifolds is semi-regular, and in some cases quasi- 
regular. The warped product can be used to show that the singularity at the Big-Bang of 



the Friedmann-Lemaitre- Robertson- Walker model is semi-regular 19 , and quasi-regular |20| . 
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2.2. Converting malign singularities into benign ones 



There are solutions to Einstein's equation for which one or more components of the metric 
tensor are singular - let's call them malign singularities. For example, the stationary black 
holes apparently are of this type. But they can be tamed, by a change of coordinates. 

To understand how, let's recall that initially it was considered that the Schwarzschild 
solution has a singularity on the event horizon, in addition to that in the "center" of the 
black hole. This opinion lasted until Eddington proposed a coordinate system in which the 
metric became manifestly finite on the event horizon. The metric was in fact only apparently 
singular on the event horizon. 



For the Schwarzschild [15] , Reissner- Nordstrom 16 , and Kerr- Newman [17] black holes 
there are coordinate changes which make the metric analytic at the genuine singularity r = 0. 
For example, the Reissner-Nordstrom solution 



(29) d, 2 = -(l- — + %)dt 2 +(l- — + q -) dr 2 + r 2 da 2 



characterizing the stationary black holes with electric charge q and mass m, the component 
g u — > oo as r — > 0. A coordinate change of the form 



(30) 



transforms the metric to the form 



t = rp 
r = p 



T 



(31) ds 2 = -Ap 2T - 2S - 2 (pdr + Trdp) 2 + ^p iS - 2 dp 2 + p 2S da 2 , 
where 

(32) A := r 2 - 2mr + q 2 (hence A = p 2S - 2mp s + q 2 ). 



For T > S > 1, the singularity turns out to be benign 16 . 

These coordinates suggest the possibility that the standard coordinate systems obtained 
for the black holes are in fact singular, and the correct coordinates are analytic, like those 
we have found. 

In the new coordinates for the Reissner-Nordstrom and Kerr-Newman metrics, the electro- 
magnetic potential and the electromagnetic fields also become analytic, and they are finite 
even for r = 0. 

The new coordinates allow the spacetime to be foliated. In the Reissner-Nordstrom case, 
this is ensured by the condition T > 3S. By continuously modifying the parameters char- 
acterizing the black holes (m, q, and a), we can construct models in which they appear 
and disappear by Hawking evaporation. Because of the existence of foliations, we can con- 



struct globally hyperbolic spacetimes containing very general singularities 18 . Thus, the 
singularities don't necessarily destroy information. 



3. Dimensional reduction at singularities 

Adopting dimensional reduction only to justify Quantum Gravity would be an ad-hoc solu- 
tion. Fortunately, the dimensional reduction emerges from the very structure of singularities. 
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This suggests the possibility that the solution to the problem of singularities helps under- 
standing the problem of quantization of gravity. 



3.1. The dimension of the metric tensor 



If the metric tensor g a f, is degenerate at a point p G M, then the distance in a part of the 
directions vanishes (fig. [I]). The vanishing directions are given by the isotropic vectors from 
the vector subspace ker(b) := T^-(M) < T P M, consisting of the tangent vectors which are 
orthogonal to T p M. These directions can be eliminated if we take the quotient space 

(33) T p .M := 

whose dimension is equal to the rank of the metric at p: 

(34) dim Tp.M = rank g p . 
Then, 

(35) T P 'M := b(T p M) 

has the same dimension as T P ,M, and in fact they are related by the isomorphism 

(36) b : T P .M T P 'M 
induced by the morphism 

(37) b : T P M -> Tp'M < T*M. 



We see that, because the metric tensor is degenerate, it can be reduced to a metric tensor 
on the space T P .M, and its inverse is a metric tensor on T P 'M. The dimension is actually 
given by the rank of the metric, which can be viewed as the dimension of the metric tensor. 



3.2. Metric dimension vs. topological dimension 

Let's consider a vector space V of dimension D. A symmetric bilinear form g on V defines 
a scalar product, or a metric. If g is degenerate, rank g < D. The distance vanishes in the 
directions from V L , and the geometric dimension is given by the rank of the metric. It is 
not necessarily equal to the vector space dimension D. 

Let's consider now a semi-Riemannian manifold (M, g). Even if the rank of the metric is at 
some points lower than D = dimM (when the metric becomes degenerate), the topological 
dimension of the manifold remains D. 

From mathematical viewpoint, in Differential Geometry there are three layers: the topo- 
logical structure, the differential structure and the geometric structure. The topological 
structure on the set M is given by an atlas of local charts mapping an open set from M 
with one from M> D , so that the transition maps are continuous. If the transition maps are 
differentiable, M becomes a differentiable manifold. If we add a metric tensor on M, we 
obtain a geometric structure. The topological dimension of M is the dimension D = dim IR D 
of the vector space used in the charts of the atlas. The metric dimension, or the geometric 
dimension is given by the rank of the metric, and is allowed to be at most equal to the 
topological dimension. 




FIGURE 1. (V,g) is an inner product vector space. The morphism b : V — > V* 
is denned by u i— > u' := b(u) = v? = g(u, _). The radical V D '■= kerb = is the 
set of isotropic vectors in V . V* := im b < V* is the image of b. The inner product 
g induces on V* an inner product defined by g,(u\,u\) := g(ui,v,2), which is the 
inverse of g iff det g ^ 0. The quotient V 9 := V/V Q consists in the equivalence 
classes of the form u+V Q - On V,, g induces an inner product g'(u\ +V Q , U2 + V Q ) := 
g(u 1 ,u 2 ). 



In the case when the metric is degenerate of constant signature (k, I, m) and is radical- 
stationary, a theorem of Kupeli |101| shows that the manifold (M, g) is locally isomorphic to 
a direct product manifold P x N between a /c-dimensional manifold iV (without a metric, 
or with metric equal to 0) and a (non-degenerate) semi-Riemannian manifold P of signature 
(l,m). Hence, from the viewpoint of the metric g on M, at any point p e M the k = 
D — rank g dimensions associated with the degenerate directions can be ignored locally. 
We can thus identify the .D- dimensional manifold M around the point p, with the rank g- 
dimensional manifold P. The manifold (M, g) looks locally like a lower-dimensional manifold 
(P, h). This situation is analogous to that of the gauge degrees of freedom. 

If the metric is radical-stationary and has variable signature, the manifold (M, g) can be 
identified piecewisely with lower- dimensional manifolds (P,h). The information contained 
in the metric g of the manifold M can be obtained by pull-back from that of a metric on a 
manifold (P, h) with variable topological dimension. 

This establishes the connection with the topological dimensional reduction proposed and 



studied by D.V. Shirkov and P. Fiziev (see section £1.1.3). Our approach leads to a conclusion 
which is very close to the following observation from 50 : 

dimensional reduction of the physical space in general relativity (GR) can 
be regarded as an unrealized and as yet untapped consequence of Einstein's 
equations (EEqs) themselves which takes place around singular points of their 
solutions. 

It is not clear at this point to what extent the geometric reduction of radical-stationary 
semi-Riemannian manifolds is equivalent to the semi-Riemannian manifolds with variable 
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topological dimension. But what we can say is that in GR there are other fields to be 
considered in addition to the metric tensor. The information contained in those fields will 
be, in general, lost by the topological reduction induced by the metric dimensional reduction. 
On the other hand, in order to admit smooth covariant contractions and smooth covariant 



derivatives (as defined in 13 for differential forms and tensors with covariant indices), the 
fields are required to ignore to some extent the degenerate directions. But even under these 
conditions, they are more general than the fields defined on manifolds of lower topological 
dimension, and we cannot recover the former from the latter ones by pull-back. 

Keeping the points topologically distinct, even though the distance induced by the metric 
vanishes between them, provides more generality than allowing the topological dimensional 
reduction. 

One important reason to avoid making the topological identification due to the dimen- 
sional reduction is that variable topological dimension is not compatible with the foliation 
of the spacetime in spacelike hypersurfaces. This kind of foliation is important for global 
hyperbolicity and for avoiding the information loss [18j. 



3.3. Metric dimensional reduction and the Weyl tensor 

At quasi-regular singularities the Ricci decomposition is smooth. According to a theorem 



we proved in 22 , the Weyl curvature vanishes at quasi-regular singularities. The reason is 
that dim T p 'M < D, hence the dimension of the Riemann curvature tensor R a b c d is reduced. 
For D = 4, dim Tp'M < 3, consequently any tensor having the algebraic properties of the 
Weyl tensor vanishes. Because the Ricci decomposition is smooth, in particular the Weyl 
curvature tensor C a b c d is smooth, and this means that around the singularity the Weyl tensor 
remains small. 



An example of quasi-regular singularity is the Schwarzschild black hole 21 , which can be 
used as a classical model for neutral spinless particles. At this time it is not clear whether the 
singularities of the stationary charged and rotating black holes are quasi-regular, but they 
are analytic, the geometric dimensional reduction occurs, and the electromagnetic potential 



and its field are analytic and finite at r = 16, 17 



The vanishing of the Weyl curvature tensor implies that the local degrees of freedom, 



i.e. the gravitational waves for GR and the gravitons for QG, are absent 62 . Because 
of continuity, as approaching a quasi-regular singularity, the contribution of the gravitons 
vanishes, and this diminishes the renormalizability problems of QG. 



3.4. Lorentz invariance and metric dimensional reduction 

When the metric of a spacetime becomes degenerate, it is no longer Lorentzian. The group of 
transformations which is associated to the metric can't be a Lorentz group, since the metric 
is degenerate. The role of the Lorentz group is taken by a larger group - the Barbilian 



group 105 . But if the metric is radical-stationary, the Barbilian group can be reduced to a 
subgroup, which is a Lorentz group of lower dimension. 

We can say, because of this, that the condition to be radical-stationary is the mathematical 
expression of the Lorentz invariance, in the case when the metric is allowed to be degenerate. 

The spacetimes with this kind of metric satisfy the Lorentz invariance so long as the metric 
is non-degenerate, and when it becomes degenerate, the Lorentz invariance is maintained, 
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but for lower dimensions. One should mention here that this is the best we can do, if we 
want to include the singularities in the spacetime. Having the full 4-dimensional Lorentz 
invariance at singularities is not possible, because of the very definition of singularities. 

By comparison, other approaches to QG had to give up Lorentz invariance even outside 
the singularities. It is the case of loop quantum gravity and Hofava-Lifschitz gravity for 
example, where it is hoped that the four-dimensional Lorentz invariance emerges at large 
scales. 



3.5. Particles lose two dimensions 



As described in 16,17 and in {2.2, a charged black hole of type Reissner-Nordstrom or 
Kerr-Newman can be described by an analytic metric, and the electromagnetic potential 
and its field are also analytic and remain finite at r = 0. From the viewpoint of GR, charged 
particles are such black holes. Also this applies to other types of gauge fields, such as the 
Yang-Mills fieldfl 



As we can see from (31), in our coordinates, at p = (which is equivalent to r = 0), the 
metric loses two dimensions, those corresponding to coordinates p and r. Apparently the 
metric on the sphere vanishes too, but this only reflects that the warped product describing 
spherically symmetric solutions to Einstein's equation involves all the concentric spheres, 
down to r = 0. 

Metric dimensional reduction occurs similarly for the Schwarzschild (describing neutral 
particles) and the more general Kerr-Newman (describing charged or neutral, spinning or 
not particles) cases. 

The fact that two dimensions are lost, and that the gauge potential and fields remain finite 
at the singularity, are expected to have important impact to field quantization. 

One of the major problems of electrodynamics is the fact that the particle's potential 
and field become infinite as approaching r = 0. This problem turns out to be removed, 
by employing our non-singular coordinate system. This sets as one priority in the future 
developments of our program to see exactly what happens in the perturbative expansions 
and in the renormalization group analysis. 



3.6. Particles and spacetime anisotropy 

The metric (31) admits a foliation in spacelike hypersurfaces only for T > 3S in (30) |16|. 



This condition allows the coordinates to be compatible with the distinction between space 
and time. But it leads to an anisotropy between space and time, which is manifest when 
passing to the old Reissner-Nordstrom coordinates (t, r). A rescaling in the coordinates 
(r, p) is isotropic, of course in the coordinates (r, p), but the coordinates (t,r) are rescaled 



anisotropically, due to (30) 



The diffeomorphism invariance should be considered valid in coordinates (r, p), but not in 
the singular coordinates (t,r). 

This anisotropic scaling invariance is similar to that which P. Hofava managed to obtain 



by modifying the Lagrangian of GR in 77 . His analysis shows that the anisotropy would 



2 Of course, the relativistic effects should be complemented by the quantum properties to get a complete 
description of a physical particle, and we don't have yet such a model. 
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lead to the correct dimension for the Newton constant (see £1.2.3 and [77]). Apparently, the 
anisotropy we obtained in 16 is not equivalent to that from Hofava-Lifschitz gravity, because 
ours follows from standard GR considerations, while that of Hofava from modifications of 
the Einstein-Hilbert Lagrangian (and implicitly of Einstein's equation). 

In our proposal, the metric is still the fundamental field. The very degeneracy of the 
metric imposes conditions on the foliation at the singularity. There is no need for other 
structure to define the foliation, as it is in Hofava-Lifschitz gravity. In our approach there is 
no need to impose in the IR limit the recovery of standard GR, since we start from standard 
GR outside the singularities, and extend it in the singularities. 



3.7. The measure in the action integral 



When the metric becomes degenerate, its determinant vanishes. Consequently, the volume 
form 



(3t 



'■vol 



yj- det gdx° A ... A dx D ~ l = yj - det gdx D 



tends to as approaching the degenerate singularities (in non-singular coordinates, in which 
the metric is smooth). 

The action principle is given by 



(39) 



S 



'■vol 



'x) C 



M 



If the metric is diagonal in the coordinates (x M ), then 

D-l 

(40) d vo i{x) = Yl yj\g^{x)\dx 

fi=0 



D 



This is in fact similar to the measure studied by G. Calcagni 32,33 . This is obvious if we 
take in the Lebesgue measure from § riX2j Q, the following weights: 



(41) 



/(/*)( 



X 



This identification makes much of the analysis developed in 32 33 for QFT be a consequence 
of the fact that the metric may be degenerate. 
In terms of v{x) = Ylu=o f(p)( x )i we have 



(42) 

so that the measure becomes 
(43) 



a/— det j 



dg(x) = \J— det gdx 



D 



which is just the standard measure from General Relativity, except that in our framework it 
is allowed to vanish. 

The justification for changing the measure in G. Calcagni's proposal comes in his theory 
from the hypothesis that the spacetime is fractal, the Hausdorff dimension changing with 
the scale. The fractal nature manifests in the usage of fractional calculus. He uses a general 
Lebesgue-Stieltjes measure, independent of GR, and applies it to flat spacetime QFT, as 



well as to QG 32 34 
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The action refers to the Special Relativistic QFT, but the identification (41) we pro- 
posed replaces the weigts / M with the square root of the metric components, which we allowed 
to tend to zero. This suggests that GR comes to rescue QFT at high energies, by reducing 
the dimension to two. For GR, Calcagni applies the same recipe he used in Special Rela- 
tivistic QFT: proposes that the weight v multiplies a/— det g [32] . This would of course lead 
to a modified Einstein equation, and modified GR. Our approach sticks to the standard GR, 
the only difference being in allowing the metric to become degenerate. 

In our solution, the measure is simply due to the degeneracy of the metric. Our claim is 
that GR itself provides the measure and tames the infinities of QFT. 



3.8. Does dimension vary with scale? 

So far we provided arguments that the singularities characterized by the degeneracy of the 
metric explain the geometric dimensional reduction. This dimensional reduction has many 
common features with the dimensional reduction expected in other proposals in the liter- 
ature. In addition, it is not invented with the problem of quantization in mind, but it is 
a consequence of our approach to the singularity problem, which in turn fits naturally in 
classical GR. 

Yet, the hardest part remains to be done. The geometric dimensional reduction we propose 
becomes manifest as the distance to a singularity becomes smaller. But the dimensional 
reduction needed in QFT and QG seems to have nothing to do with the distance to a 
singularity. It is required just to depend on the scale. 

The precise ways in which the geometric dimensional reduction we proposed impacts QFT 
and GR need to be analyzed in more depth. At this point, we will give only a "qualitative" 
(i.e. "handwaving" ) justification. 

The higher order Feynman diagrams involve a larger number of particles. This means that 
in the same region of space there will be more particles, which we will consider to be benign 
singularities. Because of this, the metric will have, in average, smaller determinant. Recall 
that for benign singularities the determinant of the metric tends to as the distance to the 
singularity decreases, and having a higher number of singularities in the same region reduces 
the average of the metric's determinant (fig. [2]). Thus, in the high energy limit, the measure 
dimensional reduction will become more and more present in the integrals. 

Let's discuss a bit the diffeomorphism invariance (general covariance) of the above argu- 
ment. It is clear that both detg and other relevant quantities such as the components of 
the Weyl tensor C a b c d depend on the coordinates. The singularities describing the particles 
provide some constraints that det g — 0, and C a b c d = for quasi-regular singularities, along 
the universe lines describing the particles. These constraints are invariant under local diffeo- 
morphisms. It is true that changing the coordinates one can make these quantities increase 
away from the singularities, but the constraints are invariant. Also, det g is present in the 
action, and the action integral is invariant. 

In conclusion, the main conjecture is that, although the dimensional reduction happens 
at singularities which represent the particles, when many particles are present, the measure 
dimensionality - present through det g - is reduced in average. We claim that this acts like 
a regulator. Let's name this the hypothesis of average dimensional reduction. 

If this hypothesis is true, then the fact that the average metric determinant changes with 
the scale is not an absolute law, but merely an "accident". If the real reason of change is 



QUANTUM GRAVITY FROM METRIC DIMENSIONAL REDUCTION AT SINGULARITIES 



19 




FIGURE 2. Schematic picture illustrating how we expect that the metric's average 
determinant decreases as the number of singularities (i.e. particles) in the region 
increases. The red dots represent the singularities, and the blue line represents 
I det g\. 



the way the singularities are distributed in a given region, then this may have observable 
consequences at larger scales too. But at larger scales, the predictions of GR we expected so 
far seem to be confirmed with high degree of accuracy, yet nothing like this has been found. 
On the other hand, let's not forget that most tests of GR concern phenomena involving a 
small number of bodies which are separated by large regions of vacuum. We need to derive 
and test predictions for the case when matter is distributed more homogeneously, as the 
galaxies appear at large scale. And we know that at large scale, the galaxies don't seem 
to fit what we presently expect to be the behavior predicted by GR, as we understand it 
so far. It would be interesting to check if some of the discrepancies usually attributed to 
dark matter can in fact be explained as large scale manifestations of the average dimensional 
reduction. This may be supported by the idea that the galaxies rotate as if they were 
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4. Conclusions 

We reviewed some of the hints indicating that if a dimensional reduction would take place 
at small scales, then some major problems concerning the quantization of gravity, but also 
of other fields, would go away. Some hints refer to the dimension involved in calculations, 
others to the geometric and topological dimensions, and others to the spectral dimension. 
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We advocated here the position that the approach of singularities introduced and devel- 
leading to a (geo)metric dimensional reduction, also lays a foundation for 



oped in 13 22 



the quantization of gravity. This position is supported by the strong connections between 
the metric dimensional reduction and the other kinds of dimensional reductions, reviewed in 
this paper. 

This is just a small step; many questions remain open, and much work remains to be done. 
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